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Abstract. We continue the investigation of the recently proposed geometric correspondence
between systems of conservation laws and congruences of lines in projective space. The relationship
between the ‘additional’ conservation laws and hypersurfaces conjugate to a congruence is
established, thus providing a basis for the Lévy transformations of semi-Hamiltonian systems.
Similarly, the correspondence between commuting flows and certain families of planes (containing
the lines of the congruence) gives rise to the adjoint Lévy transformations.

1. Introduction

It was observed recently that many constructions of the theory of hyperbolic systems of
conservation laws

ub = fi(u), i=1,....n (D)

are, in a sense, parallel to that of the projective theory of congruences. The correspondence
proposed in [1, 2] associates with any system (1) a congruence of lines

yi=u'y? — flu) i=1,...,n (2

inan (n+1)-dimensional projective space with coordinates y°, . .., y". Itturns out that the basic
concepts of the theory of systems of conservation laws, such as the shock and rarefaction curves,
Riemann invariants, reciprocal transformations and systems of Temple class [15] acquire a
clear and simple projective interpretation when reformulated in the language of the theory
of congruences. For instance, this correspondence enabled the classification of systems of
Temple class to be reduced to a much simpler geometric problem of the classification of
congruences with either planar or conical developable surfaces. In particular, the results of
[15] became intuitive geometric statements about families of lines in projective space. Another
application of the correspondence proposed was the construction of the Laplace transformations
of hydrodynamic-type systems in Riemann invariants [7] which, on the geometric level, have
been the subject of extensive research in projective differential geometry.
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In this paper we continue the investigation of the correspondence between systems of
conservation laws and congruences of lines in projective space and introduce the Lévy and
adjoint Lévy transformations of hydrodynamic-type systems in Riemann invariants. Along
with Laplace transformations, they satisfy a number of remarkable geometric and algebraic
properties.

In sections 2—4 we recall the necessary information about conservation laws, commuting
flows and Riemann invariants of systems (1). Section 5 provides a simple projective
interpretation of the ‘additional’ conservation laws

h(u), = g(u)x. )

Namely, with any conservation law (3) we associate a hypersurface with the parametric
equations

0o_ 8 i ,i8W
YT hw Y= W

Based on the results of section 1 we demonstrate that this hypersurface is conjugate to a
congruence (2), and any such hypersurface can be obtained within this construction.

A similar geometric correspondence between commuting flows of system (1) and certain
n-parameter families of planes containing the lines of congruence (2) is discussed in section 6.
In the two-component case (n = 2) this construction provides an explicit parametrization of
surfaces harmonic to a congruence (2) by commuting flows of system (1).

The results of sections 5 and 6 allow us to introduce, in a purely geometric way, Lévy and
adjoint Lévy transformations of hydrodynamic-type systems in Riemann invariants,

— fi(u) i=1,...,n.

R =\ (R)R! i=1,....n 4)
whose characteristic velocities A’ (R) satisfy the semi-Hamiltonian property
a;A! A, o ;
Ok (M’—)J>_a" (m) i#j#k 0, =0/0R Q)

(according to the results of [14] this implies the integrability of system (4)). Let us choose any
conservation law

h(R); = g(R)x

of system (4) and introduce the new system

Ri = A'(R)R! i=1,...,n (6)
with the characteristic velocities A’ (R) defined by the formulae
8 i )\i aah —dia§ .
A== ANN=—r--— 7
h Buh — digh ks @

where a;, = % (here the index « plays a distinguished role). The system (6) and (7) is
called the Lévy transform L, of system (4).

Similarly, let us take a commuting flow
R = i/ (R)R. i=1,...,n

of system (4) and introduce the new system (6) with the characteristic velocities A’ (R) defined
by the formulae

_kaaaua_ﬂaaaka Ai_)‘-il‘l’a_)“a“’i

A(I
Qo 1™ e —

i 4o ®)
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which again depend on the choice of @. The system (6) and (8) is called the adjoint Lévy
transform L} of system (4). Transformations £, and L} satisfy a number of remarkable
properties which are briefly reviewed in sections 7 and 8. In particular, both of them preserve
the semi-Hamiltonian condition (5). In [4] the transformations £, and £}, have been identified
with the vertex operators of a multicomponent KP hierarchy.

A closely related construction of Ribaucour congruences of spheres is discussed in the
appendix.

2. Systems of conservation laws. Equations for the conserved densities

We consider hyperbolic systems of conservation laws

i i i j . of!
wy = £l =] v =2

&)

assuming the eigenvalues A’ of the matrix v;'. (called the characteristic velocities of system

(9)) to be real and pairwise distinct. Let 5:,- = (éil (), ..., & (u))" be the corresponding
eigenvectors:

vE = A€ or,in components, Vg = ATES.

We denote by L; = ika?7 the Lie derivative along the vector field i?,- and introduce the

commutator expansions
k
[Li, Lj] = L,'Lj - LjL,' = Ciij
where cf‘l- are certain functions of u. Let

h(u); = g(u)«
be any conservation law of system (9). Its density /4 and flux g satisfy the equations
g oh

J— s

By
quk — dus K

which upon contraction with é,- = (Sil, ..., &M result in
g & oh .
_—5 = v .
ouk>  Qus i
or
Lig=ML:h i=1,...,n. (10)

Equations (10) are the defining equations for the conserved densities 4 and the corresponding
fluxes g. The compatibility conditions of (10) are of the form

Li(L;g) — Li(Lig) = cjjLig
or, taking into account (10),

Li(WLjh) — Ly(\'Lih) = ;A Lih.
This results in the following linear second-order system for the conserved densities &:
LAl LA A — Ak

)\j—)LiLih+)\i—Xijh+ijmLkh i #j. (a1

LiLjh =
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In particular, h = u!, ..., u" satisfy (11). It should be pointed out that in the generic situation
(to be more precise, in the case cfj # 0 for any i # j # k) the space of solutions of the
overdetermined linear system (11) is finite dimensional. In what follows we will make use of
the equations satisfied by the ratio ¢ = %, which can be obtained by rewriting (10) in the form

Li(ph) = A'L;h
or, equivalently,

Lig
p—l

Lilnh = 12)

The compatibility conditions of (12) imply the following nonlinear second-order system for
@:
1 1
e
A=k —
+Cf~3~ Ao—AJ h
Formula (12) establishes an equivalence between the linear system (11) and the nonlinear
system (13). The ratio ¢ = % naturally arises in projective differential geometry (describing
surfaces conjugate to a congruence, see section 3), and in the Lie sphere geometry
(parametrizing Ribaucour congruences of spheres, see the appendix).

LA ¢o—M\ LA o=
.] (p -Lip+ .l (p -
M= — Al M—Ap—ri

) L,‘QDLJ‘(p+ ngﬁ

Lig. (13)

3. Commuting flows

A system of conservation laws

. . . . . g’
ul =q'(u), = w’j(u)ujc w' = %9

=50 (14)

is called the commuting flow of system (9) if ul, = u’, or, equivalently,

afi 3qj k aqi 8fj k
——uy | = —=—u
dud duk ) . ul duk ") |
k
XX

w = w; Thus, they have the same eigenvectors §,~. Let 1/ be the characteristic velocities of
system (14):

Equating the coefficients at u ., we arrive at the commutativity of the matrices v = v; and

wé = p'g;.

According to section 2, the conserved densities / of system (14) satisfy the equations

L: i L: j i_ .,k
LiLih=—"" L+ =2 et 2, (15)

pi — i W= It — i
Since both systems (11) and (15) share a common set of n functionally independent solutions
h = u',..., u", their coefficients must coincide identically (if this were not the case, there

would be a first-order relation between L;h, contradicting the functional independence of
u', ..., u"). Thus,

L _ LA
pwh—pi A=A

forany i#j (16)
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and

i_ ok )\'i _ )\,k
CE(Z!‘-ZJ_M—)\J'):O forany i# j % k. (17)
In this form the equations governing commuting flows of system (9) have been set down in
[13].

If n = 2 equations (17) are redundant. Let us consider the case n = 3 and assume
that at least one of the coefficients cf.‘j (with three distinct indices i, j, k) is non-zero. Then
equations (17) imply u/ = A‘b — a for appropriate b and a. The substitution of this
representation into (16) implies, however, that both @ and b must be constants so that the
commuting flow is trivial. Hence, for n = 3 only systems with zero cl’.‘j (for distinct i, j, k)
may possess non-trivial commuting flows.

Similarly, in the case n > 3 the presence of ‘sufficiently many’ non-zero coefficients cfj
prevents the existence of non-trivial commuting flows.

4. Diagonalizable systems of conservation laws

Let us assume that all coefficients cf.‘j (with distinct i, j, k) are zero. In this case one can

normalize the eigenvectors §,~ in such a way that the Lie derivatives L; will pairwise commute:
[Li, L;] = 0, so that the remaining coefficients cij i will also be zero. The commutativity

of L; implies the existence of the coordinates R'(u), ..., R"(u) such that L; become partial
derivatives: L; = 3; = d/dR'. In these coordinates equations (9) assume the diagonal form
R =A(R)R! i=1,...,n. (18)

Variables R’ are called the Riemann invariants of system (9). Systems (9), possessing Riemann
invariants, are called diagonalizable. Let u, = f, be a conservation law of system (18). In the
diagonalizable case equations (10) assume the form

Bifzkiaiu i=1,...,n

while system (11) for the conserved densities u simplifies to

Biajuzaija,-u+aj,-8ju l;éj (19)
where a;; = % The compatibility conditions of system (19) are of the form
Ok@ij = QipQyj + a;jAjk — Q;jdik i £j#k (20)

they must be identically satisfied if we require system (19) to possess n functionally independent
solutions u = u', ..., u". In fact, conditions (20) imply the existence of infinitely many
conservation laws parametrized by n arbitrary functions of one variable. Systems (18)
satisfying (20) are called semi-Hamiltonian. We refer to [5, 13, 14] for further information
concerning integrability, differential geometry and applications of the semi-Hamiltonian
systems. Semi-Hamiltonian systems possess infinitely many commuting flows

K= 'R,
with the characteristic velocities ! governed by the equations
0 i /,Li . d j )\,i N

W= A=A

aijj 175]

We point out that any semi-Hamiltonian system possesses infinitely many different conservative
representations.
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5. Systems of conservation laws and congruences of lines. Hypersurfaces conjugate to a
congruence

With any system of conservation laws
uy = f'(w
we associate an n-parameter family of lines
yi=uly? = flw)
: 1)
Y =uty? — f ()

in the (n + 1)-dimensional space A™*! with the coordinates yO, y', ..., y" (see [1,2] for the
motivation and the most important properties of this correspondence). In the case n = 2 we
obtain a two-parameter family of lines, or a congruence of lines in A*. From the beginning of
the 19th century the theory of congruences was one of the most popular chapters of classical
differential geometry (see, e.g., [9]). We keep the name ‘congruence’ for any n-parameter
family of lines (21). Let us briefly recall the main geometrical properties of line congruences.

Definition. A hypersurface M" C A"*! is said to be focal to the congruence (21) if all lines
of the congruence are tangent to M".

The idea of focal hypersurfaces is obviously borrowed from optics: thinking of the lines
of the congruence as the rays of light, one can intuitively think of the focal hypersurfaces
as the locus in A™*! where the light concentrates (this explains why in German literature
focal hypersurfaces are called ‘Brennflichen’, which can be translated as ‘burning surfaces’).
It can be demonstrated that the generic congruence (21) in A™*' possesses exactly n focal
hypersurfaces, so that any congruence can be viewed as a collection of common tangents to n
hypersurfaces in A"*!'. The radius-vector 7; of the ith focal hypersurface is given by parametric
equations

=00y oy =L U A = L uA — (22)
where A’ is the ith characteristic velocity of system (9), see [1,2]. A line (21) is tangent to 7;

at the point with y® = A’. Indeed, substituting y° = A’ in (21) we obviously obtain a point
belonging to the focal hypersurface 7;. Moreover, the formula

L,"l_”:i = L,‘)\.i(l, ul, ey I/ln)

(which is a consequence of (10)) implies that the direction L;#; coincides with the direction
of the line (21), thus guaranteeing the tangency. Summarizing, we have an explicit
parametrization (22) of the focal hypersurfaces 7; by the characteristic velocities A’ of system
9).

Let us consider a hypersurface M" with the radius-vector 7 parametrized as follows:
;z(yoay17"'7yn):((paulw_fl7""un(p_fn) (23)

here ¢(u) is an arbitrary function which is assumed to be different from A’ so that M" is
not focal. A line (21) meets M" at the point with y° = ¢. Obviously, any hypersurface
M" € A™! can be parametrized in the form (23) for an appropriate function ¢. We say that
the hypersurface M" is conjugate to the congruence (21) if and only if

LLire TM" for any i # j.
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Geometrically, this means that the developable surfaces of the congruence (21) meet M" at
the curves of a conjugate net. In a 3-space the notion of the conjugacy between a surface and
a congruence was introduced by Guichard (see [6], chapter 1; [9]).

Theorem 1. Hypersurface (23) is conjugate to a congruence if and only if ¢ is representable
in the form ¢ = %, where h; = g, is a conservation law of system (9).

Proof. The tangent space of M" is spanned by the vectors

L7 = (L;o)U + (¢ —\)L;U (24)
where U denotes the (n + 1)-vector (1, u', ..., u"). Hence,
] L7¢ 7 n
L;U=— U modTM". (25)
Ao —@

Let us compute L; L ;7
LiL;# = (LiL;@)U + (L;j@9)L;U + Li(p — M)L;U + (¢ — A)L;L;U.
Inserting here L; L JI} from (11) and keeping in mind (25), we arrive at
LA Lig
M—A A —g

i

- Lip i Lje i
L;L;7 = (LiLj<P+Lj<P)L ¢+Li(<ﬂ—)\1)m+(§0—ﬂ)

LM L M—Ak Lip
IOESYEY j—go T w—g
Hence, L;L ;7 € T M" if and only if the coefficient at U vanishes. The resulting system for ¢
coincides identically with (13).
Thus, hypersurfaces conjugate to a congruence (21) are parametrized by conservation laws
of system (9). According to [6], two hypersurfaces conjugate to one and the same congruence
are said to be in the relation F (or related by a fundamental transformation). [l

))I} mod T M".

Remark 1. The case ¢ = A’ requires a special treatment. In this case M" coincides with
the ith focal hypersurface of a congruence. A direct computation shows that the ith focal
hypersurface is conjugate to a congruence if and only if c?k = 0forany j, k # i (i is fixed!).
This is equivalent to the existence of a function R (1) (called the ith Riemann invariant) such
that

R =)R!
in particular, all focal hypersurfaces are conjugate to a congruence if and only if the system

(9) possesses n Riemann invariants. The proof and some further details can be found in [2],
see also [3].

Remark 2. If the conservation law &, = g, is a linear combination of conservation laws (9),
the hypersurface M" degenerates into a hyperplane (which is automatically conjugate to any
congruence). Thus, only ‘additional’ conservation laws give rise to the non-trivial conjugate
hypersurfaces.

Remark 3. Conjugate hypersurfaces always appear in one-parameter families since, for a
fixed density %, one can add a constant ¢ to the flux g. The corresponding family of conjugate

hypersurfaces 7. determined by ¢, = ghi forms a parallel family, that is, the directions L ;7.
Lo
wri/\f

are independent of c¢. This immediately follows from (24) since the ratio = —% does

not depend on c.
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6. Surfaces harmonic to a congruence

In this section we consider two-component systems of conservation laws

1 1
=/
t X
(26)
(=£
and the associated congruences of lines in A%:
yl=uly? — 71
2 2.0 2 @7
yo=utyl = fn
Let
1 1
ut = X
(28)
up =q;

be a commuting flow of system (26). In the Riemann invariants R', R? (we point out that any
two-component system is diagonalizable) equations (26) and (28) assume the forms

R =A'R!

R? = A*R?
and

Ry = p'R;

R = 1°R;

respectively. Here the densities u = (u', u?) and the fluxes f = (f', f2),q = (q', ¢?) satisfy
the equations

3 f = Aou dig = ' du i=1,2.

With any commuting flow (28) we associate a two-parameter family of planes in A defined
by the equations

Yo uly0 g fU 32 20y f2
q' N q* '
The family of planes (29) satisfies the following remarkable properties.

(29)

(a) Each plane 7 from the family (29) contains a line / of the congruence (27).

(b) The congruence of lines /; = 7 N3; is conjugate to the focal surface 7 of the congruence
(27). Similarly, the congruence of lines [, = 7 N 9,7 is conjugate to 7. The lines [
and /[, are called the characteristics of the plane . The characteristic /; (respectively, ),
meets the line [ in the point of tangency of I with the focal surface 7 (respectively, 7).

The proof follows from the explicit parametrization of the congruences [y, /5.
Congruence /;:

1 1,1
q Aq
i 7

2 1,2
q i
u u
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Congruence /5:

1 2.1
q A%q
ylz(ul__z)yo_<f1_ 2)
iz "
2 2.2
q Acq
y2:<u2__2>y0_(f2_ 2 ).
iz iz

Obviously, the line /; passes through the point
(y(], yl’ yZ) — ()\'1, Ml)\.l _ fI’ u2k1 _ fZ)

of the focal surface 7. Similarly, the line [, passes through the point
0%y 3 = (2 a2 = £ ud — f)

of the focal surface 7. The point of intersection /; N I, € 7 has the coordinates

0 )\,ZI.L] _)\,ll.Lz

S )
)\‘2 l_)\'l 2 )\1_)\2

ylz Ml 2”« ul 4+ , qu_fl (30)
n = w =
)\2 l_)\'l 2 )\'l_)\'z

2= ZI_MZM ”2+M1_M242_f2

and sweeps a surface in A>. By a construction, the surface (30) is the envelope of the family
of planes (29). It has the following geometric properties.

(a) Each tangent plane 7 of the surface (30) contains a line / of the congruence (27). By
construction, w and [ €  correspond to the same values of parameters R!, R%. Thus, one
can speak of the correspondence between lines (27) and points of the surface (30).

(b) The net R', R? on the surface (30) is conjugate. In other words, the developable surfaces
of the congruence (27) correspond to a conjugate net on the surface (30).

Surfaces satisfying the properties (a) and (b) are called harmonic to a congruence (27),
see [9], p 251. Formulae (30) provide an explicit parametrization of such surfaces by the
commuting flows of system (26). Conversely, any surface harmonic to a congruence (27) is
representable in the form (30).

7. Lévy transformations of semi-Hamiltonian systems

Let us consider a semi-Hamiltonian system (18) in Riemann invariants
i i i P
R, =AM (R)R, i=1,...,n
whose conservation laws

ur = fx
satisfy the equations
% f = Mo i=1,....n
A

Biaju:a,-ja,-u+aj,-8ju l;é] a;j:m.
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Let us choose a particular conservation law

hy = g«
of system (18) and introduce the new variable U by the formula
h
U=u— —0, 31
T e Gl

where « is fixed. Transformations of this type originating from a projective differential
geometry of conjugate nets are known as Lévy transformations [6, chapter 1, 10,p 94, 12]. In
[4] Lévy transformations have been identified with the vertex operators of multicomponent KP
hierarchy. Their geometric interpretation will be clarified in the second half of this section.
We will refer to (31) as Lévy transformation £,. A direct calculation shows that U = L, (u)
satisfies the equations of the same form as u:

0;0;U = Ajjo;U + Aj;0;U (32)
where the new coefficients A = £, (a) are given by the formulae
Aa,:(l—a"“h)% i+ a
oah /) h
Ajj=a;;+09;In <l - (ga:> i #a jis arbitrary.

Transformations £, can be pulled back to the transformations of the corresponding
hydrodynamic-type systems: let us introduce the system

R = A'(R)R}, i=1,...,n (33)
with the characteristic velocities
A =2
& 34
i )\iaah — dia§ . ( )
ANl —rorn—r —= i #a.
0 h — a;oh

Theorem 2. Conservation laws
Ur = Fx

of the system (33) and (34) are the L,-transforms of conservation laws
U= fr

of system (18):

h
U=L,(u) =u— —0yu
Ouh

F=Cy(f)=f— ;jaaf.

Formally, the proof of this theorem follows from the identities

N

A — Al

which can be verified by a direct calculation. Geometric constructions underlying these

formulae will be discussed below. The system (33) and (34) will be called the L,-transform
of system (18). Obviously, transformations £, preserve the semi-Hamiltonian property.

& F = AU Aij
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We also include the Lévy transforms of Lame coefficients /; defined by the formulae
lenhizaij J;ﬁl

The L,-transformed Lame coefficients are given by

h
Hy = o —
S
iah .
H,-:hi(l—aaj) i #a.

One can check directly that
8jlnH,-=A,-j ];él

Lévy transformations of hydrodynamic-type systems in Riemann invariants are closely
related to Laplace transformations discussed recently in [7, 11]. We recall that the Laplace
transformation S,g of system (19) is defined by the formula
Oq Ut
U=Sup(u) =u——
aga
where bothindices o # B are fixed. Laplace transformations also induce transformations of the
characteristic velocities A’, the explicit form of which has been set down in [7]. One can check
directly that the Lévy transformation £, of system (18) is related to its Lévy transformation
Lg via the Laplace transformation Sg:

[,0, = Oap Oﬁﬂ.

To clarify the geometric picture underlying transformations £, we choose an arbitrary
conservative representation

= f;

of system (18) and introduce the associated congruence

yl=uly? — !

yn — unyO _ fn.
Let M" be a hypersurface conjugate to this congruence. Following section 4, we represent the
radius-vector 7 of M" in the form

F:(go,ulw—fl,...,u”ga—f") (p:%
where i, = g, is a conservation law of system (18). The coordinate system R!,..., R" on

M" is conjugate, so that
90,7 € TM" forany i # j.

Let us introduce a new congruence consisting of the tangents to the R*-curves on the
hypersurface M". Parametrically, its lines can be represented in the form

T+ 10,7
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or, in the components,
Y=+t
yi=ulo— fl i dep+ (@ — A*)0,u')

Vi=u'o— [+t 0ep + (9 — A*)0,u").

Inserting 1 = y; _(;" in the last n equations, we arrive at the new congruence
yl —y! yo _F!
: (35)
yn — UnyO _ Fn
where
— 2\ _
U'=u' N Baul Fl_f1+g0(p 80,u1
aa(p 80(
— A% — A%
U=+ L g P = et
0o 0o
Since % = — ﬁ these formulae can be rewritten in the form

h
U=u——du  F=f-="0,f
Ol Oug

Congruence (35) will be called the £, -transform of the initial congruence. The corresponding
system of conservation laws

UL = Fy
has the same Riemann invariants R!, ..., R":

Ry = A'R}
where A’ can be computed by the formula A’ = 9;F/9;U. A direct calculation results in
the formulae (34). Note that the final expressions for A’ do not depend on the particular
conservative representation u§ = f;' of system (18). If, for M", we choose any of the

focal hypersurfaces of the congruence (which are all conjugate to a congruence if the system
possesses Riemann invariants), the above construction reproduces Laplace transformations.
Formula (32) shows that the density u = h belongs to the kernel of the Lévy transformation
L. Nevertheless, transformations £, can be explicitly inverted, as we will demonstrate in the
next section.
Let us conclude with the formula for the composition of Lévy transformations

L=L,0---0LyoL

corresponding to n particular linearly independent conservation laws i = g i =1,...,n
of system (18). The composition is understood as follows. Let u, = f, be an arbitrary
conservation law of system (18). First of all, we apply to u;, = f, the transformation £,
corresponding to the first conservation law h] = g!. Secondly, we apply to the result of the
first step the transformation £,, corresponding to the £;-transform of the conservation law
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h? = g2. Proceeding in this way, we obtain the £-transformed density U = £(u) and the flux
F = L(f) in the following compact form:

u o ... Ou f of ... of
1 1 1 1 1 1
det h' oht ... 0,h det | & 01g ... g
h" oht ... 9,h" "oogt ... 0,8"
U= - : F= & A8 8 L 36
oth' ... 0,k d1g’ ... O.g
det det
oh" ... 0,h" 01g" ... 0,¢"

Geometrically, the composition £, o - - - o £; o £ corresponds to the following construction
(compare with [9], pp 255-66): choose an arbitrary conservative representation

uy = f;
of system (18) and introduce the corresponding congruence (21):

yi=uiy® — fi.
LetM;,i =1, ..., n,benhypersurfaces conjugate to congruence (21). According to section 3,
they are parametrized by n particular conservation laws h! = g’ of system (18). Let T M; be

the tangent hyperplanes of hypersurfaces M; in the points of intersection with the line (21).
The intersection

TMyN---NTM,
defines a new line
yi _ UiyO _Fi

where the formulae for U = U? and F = F' coincide with (36).

8. Adjoint Lévy transformations

We again consider semi-Hamiltonian systems (18)
R = A (R)R.

with the conservation laws

ur = fx
satisfying the equations
8 f =Adu
0;0ju = a;j0ju+a;;ou ajj = ﬂ
A — A
Let
Rl = i (R)R] (37)

be a commuting flow of system (18):
3!

wi—u
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Let g be the flux of the density u, corresponding to this commuting flow:

Uy = (x.
The flux ¢ and the density u satisfy the equations
diq = y,i o;u.
Let us introduce the new variable U by the formula
U=u--L (38)
W
where o is fixed. We will refer to (38) as the adjoint Lévy transformation L. A direct
calculation shows that U = L (u) satisfies the equations of the same form as u:

858]U = A,»ja,-U +Aj,'8jU
where the new coefficients A = L (a) are given by the formulae

0y
Agi = agi + I 2 2y
e

a

Ajj=a;+9;In <1—'M—> i #a jisarbitrary.
e

Transformations L] can be pulled back to the transformations of the corresponding
hydrodynamic-type systems: let us introduce the system

Ry = A'(R)RY i=1,...,n (39)

with the characteristic velocities
)\aaaﬂa _ M(xaa}\‘a

A —*

N (40)
e

ua_ul

Theorem 3. Conservation laws
Ur = Fx

of the system (39) and (40) are the L, -transforms of conservation laws

u; = fx
of system (18):
U=Ciw=u——L
)\‘O(
F=rif)=f-~—2
w
Formally, the proof of this theorem follows from the identities
; A
8,‘F=A18[U A,‘j=+
Al — A

which can be verified by a direct calculation. Geometric constructions underlying these
formulae will be discussed below. The system (39) and (40) will be called the £ -transform
of system (18). Obviously, transformations £ preserve the semi-Hamiltonian property.
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We also include the £}, transforms of Lame coefficients ; defined by the formulae
djInh; = a;j Jj#I
The L7 -transformed Lame coefficients are given by
0o L
e

H,-:h,»(1—“—a) i +a.
n

One can check directly that
lenHl-zA,-j ];él

Hy, =h,

Transformations £, and Laplace transformations S.4 satisfy the identities
L:[ == ﬁ;} oS Ba -

To clarify the geometric picture underlying transformations L) we choose an arbitrary
conservative representation

up = fi
of system (18) and introduce the associated congruence
yl=uly? = f1

yn — unyO _ fn
Let
'y =g,
be a commuting flow of system (18) with the characteristic velocities ./, so that
dig = W ou
(with the last identity holding for any ¢ = ¢, u = u*). Let us introduce the n-parameter
family of 2-planes in A™*! defined by the equations

y'—u'y0+f'_ _yn_uny0+fn

q' - q"
The family of planes (41) possesses the following three important properties.

(41)

(a) Each plane 7 of the family (41) contains a line / of the initial congruence.
(b) Each plane r intersects the plane 9;7r along a line /;:

l,-:nﬂain

(we point out that two planes in A"™*! do not necessarily intersect along a line unless
n = 2). Geometrically, this property implies that each one-parameter subfamily of (41)
specified by fixing the values of R¥, k # i envelopes a developable surface in A”*!. The
linesl;,i =1, ..., n, are called the characteristics of the plane .

(c) Congruence /; is conjugate to the ith focal hypersurface

ro= (A u'A = L ut A — )

of the initial congruence /.
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Conversely, one can show that any n-parameter family of 2-planes satisfying the properties
(a)—(c) is necessarily of the form (41) for an appropriate commuting flow u! = g!. The
congruence [, will be called the £ -transform of the initial congruence /. A direct calculation
shows that [, is representable in the form

yl=uly? - F!

yn — UnyO — F"

where
U1:u1_Z_; Fl — 1_)‘:;211
U =u" — Z—Z Fr = fr— A;Zn
(compare with theorem 4). The line [, meets the focal hypersurface 7, in the point
(a2 — o utA — ).
The corresponding system of conservation laws
Up = Fx
has the same Riemann invariants R!, ..., R":
Ry = A'R}

(in fact, this is the analytic manifestation of the above property (c)), where the transformed
characteristic velocities A’ = 9; F/3; U coincide with (40). Note that the final expressions for
A’ do not depend on the particular conservative representation u} = f! of system (18).

Obviously, the inverse transformation [, — [ is the transformation £, of Lévy. Indeed, /,
is conjugate to the hypersurface 7, while the initial congruence / consists of the R*-tangents
to the hypersurface 7,. Thus, Lévy transformations £, are the inverses of £%. This can be
demonstrated analytically as well.

Let us consider a system

R =A'R.
along with its Lévy transform £, defined by the formulae (33) and (34). The transformed
system (33) and (34) possesses the commuting flow

L1
B =

i Aig ?é
B ik — 0uh S

(which can be obtained by a shift g — g+ 1 in the formulae (34)). Applying to the transformed
system (33) and (34) transformation £} (generated by the above commuting flow), we return
to the initial system

R = AR
Conversely, let us consider transformation £,. The transformed system (39) and (40) possesses
the conservation law

1 A%
hr = gx h=— g§=—
w w

(which can be obtained by a shift ¢ — g — 1 in the formula (38)). Applying to (39) and (40)
the transformation £, (generated by this particular /), we also return back to the initial system.
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Appendix. Ribaucour congruences of spheres

Let M" be a hypersurface in the Euclidean space E™*! parametrized by coordinates u', ..., u".
Let 7 and 72 be the radius-vector and the unit normal of M", respectively. The Weingarten
formulae

-

on ;o or

W
define the so-called Weingarten (shape) operator of hypersurface M". Its eigenvalues and
eigenvectors are called the principal curvatures and the principal directions of M", respectively.
Let us consider an n-parameter family (congruence) of hyperspheres S which are tangent to
M". Let R(u) be the radius of the hypersphere from the congruence S which is tangent
to M" at the point 7#(u). The congruence of hyperspheres S has exactly two enveloping
hypersurfaces (note the difference with line congruences!) one of which coincides with M"
by a construction. Let M" be the second sheet of the envelope. Clearly, the congruence §
induces the point correspondence between both sheets: a point p € M" is said to correspond
to the point p € M" if p and p are the two points of tangency of the envelopes with one and
the same hypersphere from the congruence S.

Definition. A congruence of hyperspheres § is called the congruence of Ribaucour if the
principal distributions of M" correspond to the principal distributions of M".

Let us introduce the system of hydrodynamic type
up = wh ] (AD)

where w; is the Weingarten operator of M". We refer to [8] for a general discussion of the
correspondence between hypersurfaces and Hamiltonian systems of hydrodynamic type. Let

h(u), = g(u)x
be a conservation law of system (Al).

Theorem 4. A congruence S(u) is the congruence of Ribaucour if and only if R(u) is
representable in the form

h(u)
g(u)

R(u) =

for some conservation law of the system (Al).

In the case n = 2 this result (stated in a somewhat different form) can be found in [6]. It
should be emphasized that this theorem applies equally to hypersurfaces which do not possess
a curvature-line parametrization (for n = 2 such parametrization is always possible). We hope
to present the details elsewhere.
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